Abstract. A lacunary sequence is an increasing integer sequence θ = {k r } such that
1.
Introduction. An increasing integer sequence θ = {k r } is called a lacunary sequence if it satisfies that k 0 = 0 and h r := k r − k r −1 → ∞ as r → ∞. Throughout this paper, we follow the notation used in [7] . A sequence x is called S θ -convergent to L provided that for each ε > 0. The intervals determined by θ is denoted by I r := (k r −1 ,k r ] and the ratio k r /k r −1 is abbreviated by q r . For a finite set E, |E| indicate the number of elements in E.
Let θ be a lacunary sequence, a complex number sequence x is said to be S θ -convergent to L provided that for each ε > 0. In this case we write S θ − lim x = L or x k → L(S θ ), and we define
In [4] it is defined that the lacunary sequence β = {l r } is called a lacunary refinement of the lacunary sequence θ = {k r } if {k r } ⊆ {l r }. In [7] , after the inclusion relationship between S θ and S β is studied for a special case if β = {l r } is a lacunary refinement of the lacunary sequence θ = {k r }, an open problem is raised: what is the general description of the inclusion between two arbitrary lacunary methods. In this paper, we study the inclusion properties of different lacunary methods and solve this open problem. 
Proof. For any ε > 0, and every J j , we can find I i such that J j ⊆ I i ; then we have 2) and the proof completes immediately. 
Proof. Let α = β ∪ θ. Then α is a lacunary refinement of the lacunary sequence β, also θ. The interval sequence of α is I ij = I i ∩ J j : I ij ≠ ∅ . From Theorem 1, the condition in Theorem 2:
Since α is also a lacunary refinement of the lacunary sequence β, from [4, Thm. 7] we have that
The proof follows immediately.
In Theorem 2, if the condition is replaced by
. Combining this remark and Theorem 2 we get the following theorem. 
Theorem 2 provides a sufficient condition for lacunary sequence β = {l r },θ = {k r } to yield the inclusion relation S θ ⊆ S β . In Theorem 4 we give some necessary and sufficient conditions for two lacunary sequences to have the relationship. 
For each t i , there exist a positive integer s i and a whole number r i such that
Then, we can write
(2.7) 
(2.9)
This implies that (1/|I t i |) j=o,r i |{k ∈ J s i +j ∩I t i : |x k −L| ≥ ε}| ≥ δ/2, which ensures that at least one of the following inequalities hold:
Suppose the first one holds, i.e.
, (1/|I t i |) {k ∈ J s i ∩ I t i : |x k − L| ≥ ε} ≥ δ/4. From this inequality and since {k ∈ J s i ∩ I t i : |x k − L| ≥ ε} ≤ |J s i ∩ I t i |, we conclude that δ/4 ≤ |J s i ∩ I t i |/|I t i | which proves (iii).
For such s i , t i chosen in the proof of (iii), from (2.10), we have
(2.12)
12) implies |J s i |/|I t i | → ∞, as i → ∞, which proves (ii). It is clear that the intervals J s i ,I t i chosen in the proof of (iii) satisfy (i).
(ii) Sufficiency. Suppose that for the two lacunary sequences β = {l r },θ = {k r } there exist sequences {s i }, {t i } ⊆ N and δ > 0 which satisfy the conditions (i), (ii), and (iii) in the theorem. Define 
Pick a member k in this intersection, we can write
This implies that {L n } is a Cauchy sequence in C, and there is a complex number For every X L ∈ X θ , we define a norm of it by X L := |L|.
Theorem 6. With the addition, scalar multiplication and norm defined on X θ as above, X θ is a Banach space.
Proof. To prove that X θ is complete norm space, we just notice that {X Ln } is a Cauchy sequence of X θ , if and only if {L n } is a Cauchy sequence of C, and for any complex number L, the sequence with constant terms L should converge to L(S θ ). Rest of the proof is clear.
